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Abstract

We characterize all geometric perturbations of an open set, for which the solution
of a nonlinear elliptic PDE of p-Laplacian type with Dirichlet boundary condition is
stable in the L°°-norm. The necessary and sufficient conditions are jointly expressed
by a geometric property associated to the «y,-convergence.

If the dimension of the space N satisfies N — 1 < p < N and if the number of
the connected components of the complements of the moving domains are uniformly
bounded, a simple characterization of the uniform convergence can be derived in a
purely geometric frame, in terms of the Hausdorff complementary convergence. Several
examples are presented.

1 Introduction

Let N > 2 pée (1,N], A >0,e >0and D C RY be a bounded open set. For some

fe L%J“E(D) and for every open set 2 C D we consider the following equation set in the
sense of distribution set on {2

—Apu+ANulP2=f inQ (1)
u € WyP(Q)
This equation has a unique solution denoted uq s which, from the choice of f, also belongs
to L>°(9). Extended by zero on D \ €, this solution can be seen as an element of W, (D) N

L*>(D). The question we are concerned within this paper is to characterize the convergence
of a sequence (£2,), towards 2, such that

Ume I UQVf n LOO(D), (2)

namely to identify all perturbations of an open set €2 for which the solution of (1) is stable
into the L*-norm.

The convergence of solutions into the energy space, i.e. uq, f — ugq, s in LP(D), is related
to the 7,-convergence of the geometric domains (see [4, 8] and Definition 2.2 in Section 2)
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which can be characterized in terms of the local behavior in capacity of 2. We refer to the
pioneering paper of Dal Maso [8] for the main study and description of the ~,-convergence
via I'-convergence methods and to [4] for a discussion of the same topic using tools of
potential theory. In concrete situations, understanding whether a given sequence of domains
Yp-converges or not may be a complicated question. Nevertheless, different results obtained
in the past years give a quite large number of sufficient conditions for the 7,-convergence
(see for instance [5]).

The convergence of solutions in L*(D) being stronger than the convergence in LP(D),
the v,-convergence appears to be a necessary condition for (2). As simple examples show,
and because W, (D) is not embedded into L>(D), the v,-convergence is not sufficient for
(2). Since L*°(D) is not the natural energy space, any approach based on the I' or Mosco
convergences fails to work. The missing step from the v, to the L*-convergence of solutions
concerns only a purely geometric behavior of the moving sets. This geometric property
(which turns out to be also a necessary condition) provides the key result for getting locally
uniform oscillations of the solutions near the moving boundaries.

Assuming that €2,, and €2 are regular in the sense of Wiener, the functions ug, f, uq ¢ are
continuous on D. For p = 2 the question of studying the uniform convergence uq, r — uq,r
was raised by Arendt and Daners in [2], where they give a set of sufficient conditions on
the convergence of domains which ensure the uniform convergence of solutions. In the
particular case in which all €2, are contained in €2, those conditions are also sufficient.
Recent developments, still in the case p = 2, can be found in [3]. Here the authors make an
extensive study of the L>°-convergence of solutions and give a set of necessary and sufficient
conditions for the uniform convergence under the hypothesis that €2 is stable in the sense of
Keldysh. Although Keldysh stability does not require smoothness, this hypothesis excludes
a quite large class of open sets, as for example domains with cracks.

In this paper we give a characterization of the geometric convergence of domains for
which the solutions convergence in L*°(D). The only assumption we made concerns the
limit set €2, which is required to be p-Wiener regular at every point of its boundary. This
is the minimal constraint under which uniform convergence can be expected for non-smooth
perturbations. Indeed, if this condition is dropped, then the sequence of increasing domains
(Q\B(zo, £)), would not give the L>-convergence of the solutions (see [2] for the necessity of
the Wiener criterion to have uniform shape stability for increasing sequences). The necessary
and sufficient conditions given in this paper are jointly expressed by a local capacity behavior
of Q¢ (which is related to the 7,-convergence) and a purely geometric condition. If Q,, are
also regular in the sense of Wiener, the L>°(D)-convergence becomes uniform convergence.

From a practical point of view, two consequences can be noticed. If N —1 < p < N
and if the number of the connected components of €2 is uniformly bounded, then we can
give a simple characterization for the L*-stability of the solutions if the domains converge
in the (compact) Hausdorff complementary topology. This is mainly possible relying on
the generalization of Sverdk’s result obtained in [6] for p-Laplacian type operators. As a
second consequence, we characterize all sets which are L>°-stable for the so called compact
convergence, i.e. we discuss the Keldysh like stability into the L*°-norm of the solutions.
We recover into a non-linear frame the result of [3]. An open set is L>-stable if and only if
it is stable in the sense of Keldysh and p-Wiener regular at every point of its boundary.
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Notice that the cases N =1, 1 <p < 4ooand N > 2, N < p < +oo are not of interest,
since the Sobolev space VVO1 P(D) is embedded in a Holder space C%*(R"). Consequently,
uniform convergence of solutions holds as soon as the geometric domains converge in the
Hausdorff complementary topology (which is compact). Together with the fact that every
point has positive p-capacity, this gives a complete characterization of the uniform shape
stability. This is the reason why, throughout the paper we consider only the case N > 2 and
1<p<N.

For simplicity, we present our results for the p-Laplace operator, but most of the results
extend without any modifications of the proofs to more general elliptic equations of the
form —div A(z, Vug) + B(x, ug) = 0, with non-homogeneous Dirichlet boundary conditions.
The operator A is similar to the p-Laplacian and B satisfies the usual Carathéodory and
monotonicity assumptions (see Section 5 and [20, 21]). In order to have solutions in WP ()N
L*>(2), the most important assumption is a boundedness hypothesis on B by a function
belonging to the Morrey space M/ (=¢)(D) (see for instance [21, Chapter 3]).

2 Preliminary results

In what follows, we always denote {2 an open set in RY and by Q¢ = RV \ Q its complement.
The Sobolev capacity of a set £ C RY is

cap,(E) = inf{ / Vol? + |plPde | ¢ € WRY),E C {p > 1)°).
RN

For x € RY,r > 0 and a set F such that E C B(z,r), the condenser capacity of E in the
ball B(z,r) is:

cap,(E, B(z,r)) = inf{ | Vo Pdz | ¢ € WP (B(z,r)), E C {p>1}°).
B(z,r)

A function u : 2 — R is said to be p-quasi continuous if for all € > 0 there exists an open
set G. C Q with cap,(G.) < € such that the restriction u|g\g, is continuous on 2\ G.. A
property is said to hold p-quasi everywhere (written p-q.e.) if it holds in the complement of
a set of zero p-capacity.

We refer the reader to [15, 21] for an extensive presentation of properties of capacities in
relation with Sobolev spaces. We only recall that every function u € W, () has a p-quasi
continuous representative, which is unique up to a set of p-capacity zero. We also recall the
following characterization of the W, -spaces (see the paper of Hedberg [14] or [15]).

Lemma 2.1 Let Q C RY be an open set. If u € WHP(RN) then u € WyP(Q) if and only if
u =0 p-q.e. on Q°.

Throughout the paper, W, ?(9) is seen as a subspace in W'?(RY), the embedding mapping
being the extension by zero on 2¢.
Let D be a bounded open set of RV,



Definition 2.2 It is said that a sequence (€,), of open subsets of D ~,-converges to an
open set § if

YA>0, Vf € W Y(D) wuq, s — uqy stronlgy in Wy " (D).

Here p' = p/(p— 1).

We refer the reader to [5] for detailed presentation of the 7, convergence. We recall (see also
[4], [8]) the following characterization of the ,-convergence in terms of the local behavior in
capacity of the moving domains.

Theorem 2.3 A sequence (€2,) of open subsets of D ~y,-converges to an open set ) if and
only if Vo € RN Vr > 0 the following two conditions hold

cap,(2° N By, Byar) > limsup cap,(Q5 N By, Byay)- (3)
cap, (2N By, Byor) < liminf cap(Y, N By, Beor)- (4)

We recall from [4] that (3) and (4) are equivalent with the first and the second Mosco
conditions, respectively:
1. Yo € WyP(Q) 3 ¢, € WyP(Q,) such that ¢, — ¢ strongly in W, (D);
2. Yoo, € WyP(Q,,) such that ¢, — ¢ weakly in W, ?(D) we have o € W, ().
It is worth to notice that the 7,-convergence is also equivalent to

ug, 1 — ug weakly in LP(D)

)y

for some A > 0, namely with the continuity of the solution with respect to the shape only
in the case f =1 and for a single value of A\. Moreover, the 7,-convergence can be seen via
the T-convergence of the energy functionals associated to (1) or via the Mosco convergence
of the moving Sobolev spaces VVO1 P(€,). As a consequence of the characterization via the
Mosco convergence, if €2, 7,-converges to (2, then for more general equations of the form
—div A(z, Vug) + B(z,uq) = 0 one has ug, — uq strongly in W, 7 (D). It is not clear
whether the converse is true since the right hand side f which is implicitly contained in B
may produce solutions which are not positive p-q.e. (see [11]).

Notice also that the 7,-convergence is metrizable but not compact. From the weak
compactness of the unit ball of W, ”(D) and from the compact embedding into L?(D), one
can extract from every sequence (ugq, 1), & subsequence which converges strongly in LP(D) to
some function u. In general, one can not find an open set €2 such that © = uq ;. Nevertheless,
following [11], there exists a positive Borel measure absolutely continuous with respect to
the p-capacity such that for every f € W~=1'(D)

Lr(D)
uQnmf u:“':f’

where u, ; € Wy (D) N LP(D, ;1) and

—Apuyp 4+ (A + /L)|uu7f‘p72uu7f =f
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in the weak variational sense. So, u = w,, ;. This phenomenon is called relaxation (see [11]).
For an open set U C RY, 2 € RY, 0 < r < R we use the following notation

R /
cap(U° N By, By o) \P'~1dt
v B) = | ( 0 2a) )T
w< ol ) [ Cap(Bx,taB:c,Qt) t

If h: U — R is a continuous function, we denote

osc(h,U) = sup h(z) — inf h(z).

zelU zelU

We recall from [21, Theorem 4.22] (see also [15, Lemma 4.6.5]) the following estimate for
uq, s, the solution of (1).

Lemma 2.4 Suppose that € is a bounded open set and f € L%JFE(D). If xy € 01), then
V0<r <R itis true that

osc(ugq,f, 2N B(zg, 7)) < C’exp( — %w(ﬂ, T, R)) (5)

where C' depends on N, p, € and |uq, f|s-

Definition 2.5 A point zo € 092 is called p-Wiener regular for Q if lim,_ow(2, zg,7, R) =
+00.

We recall from [17] the following result.

Lemma 2.6 Let xo € 02. The following assertions are equivalent:
i) For f =1, lim, 4, zeq ua1(xz) = 0.
ii) xq is p- Wiener regular.

Definition 2.7 Let Q be open. A point x € 02 is a called p-capacity point if Ye > 0
cap,(Q2°N B(x,¢), B(w,2¢)) > 0.

The following result has an immediate proof.
Lemma 2.8 Let Q be a bounded open set and let
Q" =QU{z € 9Q : zis not a p-capacity point}.

Then Q* is open and cap, (2" \ Q) = 0.

3 The shape stability result

Let usset N >2and 1 < p < N. Let D be a smooth bounded open set and let €2,,{ be
open subsets of D. We assume that (2 is p-Wiener regular at every point of its boundary.

Theorem 3.1 For everye > 0,A >0 and f € L%J’a(D) we have uq, f — uq, in L®(D) if
and only if the following two relations hold.
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1. VK CcC Q, ANk, Vn > Ng we have K CC ().
2. Vz e RN, Vr >0

cap,(B(z,r) N Q°, B(x,2r)) < liminf cap,(B(x,r) N, B(x,2r)).

n—oo

Proof Necessity. Assume that for every ¢ > 0,A > 0 and f € L%J“E(D) we have ugq,, 5 —
uq,f in L>®°(D). In particular, we consider f = 1, A = 0 and get uq,; — uq, in L>(D).
Since D is bounded, this convergence holds also in LP(D). Consequently £, y,-converges to
€2, hence from [4] relation 2. holds.

Assume for contradiction that 1. does not hold. Then, there exists a compact set K C €2,
there exists ny — oo such that K ¢ Qy . Let 7, € K \ Q) and assume (maybe extracting
a subsequence) that xy — = € K. The point = being interior to €2, we can find r,d > 0 such
that B(x,r) C Q and

ug1(z) > 9> 0a. e. on B(z,r). (6)

By hypotheses, the L*>-convergence gives that for n large enough uq,; > §/2 a.e. on
B(z,r). This inequality is also true p-q.e. for a quasi continuous representative. But
rp € ()¢ and 2, — . Thus, for k large enough we have x;, € B(z,7/2) N (2 )¢, and
since zy is a p-capacity point for €2} | we get that

cap,(B(zx,7/2) N (€2;,,)°) > 0.

This contradicts relation (6) since on the set B(x,r/2)N (€25, )¢, which is of positive capacity,
ug,, 1 vanishes p-q.e.

Sufficiency. Relations 1. and 2. give that 2,, y,-converges to {2. This is a direct consequence
of the local behavior in capacity of Q¢ (see Theorem 2.3 and [4]). Indeed, relation 1. gives
the upper semicontinuity of the local capacity on closed balls, namely (3), and 2. gives the
lower semicontinuity on open balls, namely (4).

Consequently, for every f € L%+E(D) the convergence of solutions holds in VVO1 P(D). Tt
remains to prove that the convergence holds also in L>(D). Two cases are to be treated. On
compact subsets of €2 the uniform convergence holds as a consequence of the equi continuity
of (uq,, f)n. The difficult part is to control the oscillations of uq, ; near the boundaries 052,
and to prove that they behave somehow uniformly with respect to n.

Let ¢ > 0 be fixed. We have to prove the existence of N. € N such that Vn > N, and
ae. x €D

|ug, s () —ua(z)| <e.
Let us fix R > 0 and take x € 0€). By hypothesis, x is a regular point, hence

limw(Q, x,r, R) = +00.

r—0

Thus, there exists » = r, > 0 such that

Cexp < — %w(Q,x, s E))



1

Cexp(—EW(Q,x,Tm,R)> < Z (8)
Here, C is the constant given in relation (5) and ¢ is the constant given by the following
lemma (for the proof, see [4]).

Lemma 3.2 There exists a positive constant ¢, depending only on N and p such that VR >
r >0, Vo, e € RN with |2, — x5 < 1/2 we have

R

w(qulara R) > Ew(an%gvi)' (9)

We cover 02 with the balls B(z,7,/4) obtained using (7)-(8), and since 9f2 is compact

there exists a finite covering
T,
00 C B( ; ﬁ).
cUs(r. "
i€l
Let . B ,
m:Q\UBmﬁ?:Q\UB@Wf)
iel iel

Then K7 is compact and K; CC €. By hypothesis 1), we have for large enough that
K, ccQ.

Let us denote
T,

),

K:Q\UB@%2

i€l

Then K CK; and
Ug,,f — Ugq, s uniformly on K.

This is a consequence of the uniform boundedness of all functions, their convergence in
WyP(D) and of their equi-continuity ( Lemma 3.3 below). Indeed, the following equi-
continuity result is a direct consequence of [21, Theorem 4.11].

Lemma 3.3 There exists a > 0 and a constant C' such that for every open set Q0 C D,
N
f € L»™(D) and for every ball B(x,R) CC Q and 0 < r < R we have

08CB(z,r U, < CT7.

The constant C' depends on N,p, R,& and HfHL%“(D)'

It remains to prove the L>®-convergence on |J,; B(w;, ¢ ) and on D\ (QU;e; B(w;, 14, /2)),
respectively.

On ;o; B(zi, 55+) we shall control the oscillations of ug, ; with the help of the Wiener
modulus of Q.

Let us fix an index ¢ € I and let z € B(z;,

T,

). The modulus inequality gives

U, () — ua,p(7)| < [ug, f(7)] + ug,f()].
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We will estimate separately both |ugq, ;(z)| and |uq f(x)|. Since x; is a regular point, we
have from (8) and from Lemma 2.4 that for every x € B(x;,7,,) N§2

4

The constant C' depends on |ug, |« but can be chosen independently with respect to (2 since
from the maximum principle all solutions ugq ¢ are uniformly bounded on D by |up,|f||sc-

If € Q°NB(z;,y,), then p-q.e. ug (z) = 0. Let us now estimate |uq, r(z)| on B(x;, 14, ).
From the ~,-convergence we get for n large enough

uas(n)| < Coxp(— Zu(@wrB) < (10)

capp(B(xi, re;) N Q0 B(x;, 2r,,)) > 0.

There are two possibilities. Either B(x;,7;,/2) N, = 0 and in this case ugq, f(x) = 0
p- q.e. on B(w;,ry,/2), or B(xy,re,/2) N, # 0. From [4] we recall the following technical
result.

Lemma 3.4 Let ) be an open set such that QNB(x,d) # 0 and cap,(Q°NB(x,0), B(x,20)) >
0. Then cap,(0Q N B(x,§), B(z,26)) > 0.

In the latter case, Lemma 3.4 applies and gives that
cap,(0Q, N B(x,4,/2), B(x,74,)) > 0.

We observe that hypotheses 1. and 2. imply the 7,-convergence via Theorem 2.3. From
the Fatou lemma and the equality

cap,(° N B(x,6), B(x,26)) = cap,(Q°N B(z,d), B(x,25))

which holds a.e. § > 0 we get directly that (see [4, 5] for finer results) for every z € RY and
VO<r<R

liminfw(Q,, z,r, R) = w(Q, z,7, R). (11)
By (11) we get that
re, Ry ry; R
w(Q,xi,T,g) —T}LIgow(Qn,xz,T,E). (12)
Consequently, there exists N € N such that for every n > N we have
re. R 1 re. R
T Ty > Ty
w(Qnaxlv 9 ) 2) - w(Qw'E’u 9 ) 2) (13)

2

Thus, using Lemma 3.2, for every y € B(z;, ) we have that

c ry. R

- -, —=). 14
‘ = (14)
Since cap, (02, N B(x,74,/2), B(w,74,)) > 0, we can find a point y, € 0Q, N B(x;,74,/2)
which is p-regular for ,,. We apply estimate (8) for €2, and get for every & € B(yn,7,) N

w(Qn7y7Txi7R) 2 w(aniv

1
\ug, f(z)] < Cexp(—=w(, Yn, Tz, R))
Cé Ty, R (15)
< Cexp(—s7w(Q, i, =, 7))
- g 2C Y979



Using (7) we get

] ™

ug,, ()] <

On the other hand, on B(y,, rz,) NS we have ugq, (z) = 0 p-quasi everywhere.
Consequently

p-q.e. T € B(Yn,Ts;)- (16)

DO | ™

|ug,, s (2)| <

Since B(x4,72,/2) C B(yn,rs;), we get that

T,
[ug,, s (@) +[ug ()] < & p-ae x € Blwi, ).

It remains to prove that Vo € D\ (2 U;er B(x;,72,/2)) we have (for n large enough)
|ug, (x) = uo s (z)] < e

Since D \ (Q Ujer B(w;,74,/2)) is compact, we will follow a similar argument as for the
neighborhood of 0. For every € D \ (2 U;er B(xi,74,/2)) we fix r, as in (7)-(8). Such r,
exists since for r small enough

cap,(Q2°N B(x,r), B(z,2r)) = cap,(B(z,r), B(x,2r)).
We cover D\ (Q Uier B(x,72,/2)) by a finite family of balls
D\ (QUjer B(wi,714,/2)) € Ujes B, 14, /4).
We fix an index j and get for every B(x;,7,,/4)

ug,, r () — uq j(z)| = [ug, r(2)].

In order to estimate |uq, s(2)| two possibilities may occur. Either B(x;,74,/4) N €, = () or
not. In the first case, obviously ugq, f(z) = 0. In the second case, by Lemma 3.4 we get

cap, (082, N B(xj,7;/2), B(xj,75)) > 0,
and a similar argument as for the neighborhood of 92 in (12)-(16) holds true. Finally,
luq, f(z)] < e p-qe x € Bz, /4).
O

Remark 3.5 Assume that for some A > 0 and f =1 we have uq, 1 — uq, in L>(D). The
proof of Theorem 3.1 yields that for every A > 0, > 0 and for every [ € L%’Le(D) we have
uq,,.f — uq,f in LOO(D)

This kind of behavior is typical for the 7,-convergence. We refer the reader to [3] for
further developments of this topic into the linear case.

Let us set the following notation.



Notation 3.6 Let €2, Q be open subsets of D. If assertions 1. and 2. of Theorem 3.1 hold,
we denote

e}
Q, —

We formulate the following corollary which is a clear consequence of Theorem 3.1.

Corollary 3.7 Let §2,, Q be open subsets of D. Then €, RalNYg) if and only if the following
relations hold.

1. VK cC Q, dNk, Vn > Nk we have K CC €2}

2. §, 7yp-converges to 2.

Proof For the necessity we use Theorem 3.1 and get the first assertion. In order to get
the 7,-convergence, we notice that the first assertion gives (3) which associated to (4) and
Theorem 2.3 gives the v,-convergence.
For the sufficiency, we apply Theorems 3.1 and 2.3.
O

For searching the “minimal” intuitive conditions which provide shape stability into the L*°-
norm, one may use the following.

Corollary 3.8 Let §2,, 2 be open subsets of D. Then €, RN ) if and only if the following
relations hold.

1. VK CcC Q, ANk, Vn > N we have K CC €)}.

2. Yon, € WyP(Qn,) such that p,, converges weakly in WyP(D) to ¢, we have ¢ €
Wo ().

Proof The proof is a consequence of Theorem 3.1 and of the equivalence between the
second Mosco condition (condition 2. above) and the lower semicontinuity of the local
capacity (condition 2. in Theorem 3.1). We refer the reader to [4] for the proof of this
equivalence. O

For applications in concrete situations, the conditions expressed in this corollary are the
most intuitive. Indeed, the first condition is purely geometric and can be easily verified in
practical situations. Using Hedberg’s result (Lemma 3.3) on the description of W, "-spaces
via quasi-continuous representatives (see [14]), the second condition can be easily checked as
soon as {2 has some smoothness.

Remark 3.9 We notice that the L*>-convergence of solutions can not hold if relaxation for
the ~y,-convergence occurs. Indeed, let f = 1 and fix A > 0. Then u, > 0 p-q.e. on the
regular set A, of the measure p. Assuming that relaxation occurs means that p(A4,) > 0.

Consider § > 0 and the p-quasi open set Us = {u,, > 0} which is also of positive Lebesgue
measure (for § enough small). For n large enough we would have

J
lug, 1 — u,| < g @€ on A,
10



hence p-g.e. since A, is p-quasi open. Then cap,(Us N (2;) = 0 and consequently from the
7, convergence (Uy) = 0 for ' > §. Finally, taking § — 0 we would get p(A4,) = 0, which
is a contradiction with our relaxation assumption (see [9]).

Remark 3.10 If €2 would not be p-Wiener regular at every point of its boundary, following
Lemma 2.6, at such a point and for f = 1, the solution of (1) on 2 would be discontinuous.

Therefore, if €2, Ral (2, then ug, ; should be discontinuous either. This means that every
p-irregular point of §2 should be, for n large enough an irregularity point for €2,. As a
consequence, the sequence 2\ B(xg,1/n) does not oo,-converge to (!

Nevertheless, the shape stability in L>°(D) could steel hold if € is not p-Wiener regular
at every point of its boundary, but the perturbation is highly restrictive and the expression
of the stability conditions is certainly more complicated.

4 Examples of oo,-convergence of domains

The main interest in applications is to understand for a specific perturbation whether or not
the solution of (1) is stable in the L*-norm. Although the second condition in Theorem
3.1 seems difficult to understand in practice, following Corollaries 3.7 and 3.8 this condition
can be replaced with the ~y,-convergence which is well studied in the literature or with the
second Mosco condition which sometimes can be proved easily. Besides the case of uniformly
smooth domains (e.g. domains satisfying a uniform cone condition), the 7,-convergence can
be obtained into the following frame: geometric convergence of the domains in the Hausdorff
complementary topology associated to some geometrical, topological or capacity assumptions
on the moving domains. We also notice another particular case of v,-convergence which is
more restrictive, namely the compact convergence of domains associated to a limit domain
which is stable in the sense of Keldysh (see [4]).
The Hausdorff complementary topology is given by the metric:

dpe(Qq,Q2) = sup |d(x, Q) — d(x, Q5)].
TER™

Note that if €, z, Q, then condition 1. of Theorem 3.1 is automatically satisfied. Then
Q, -2 ), provided that € is p-Wiener regular at every point of its boundary and that
Q, -2 Q.

The most general situation in which the v,-convergence is known to be equivalent to the
Hausdorff complementary convergence involves a sort of locally uniform Wiener criterion
(see [6] and paper [13] for a first result into this direction).

This is for example the case in RY as soon as there exists ¢,r > 0 such that for every
n € N the sets Q,, satisfy the following uniform capacity density condition [7, 5]:

cap (Qc N Ba: ts Bx 2t)
Vo € 00, Vt € (0,7 Sl : = > ¢ 17
( ) Capp(-Bz,t; B:E,Qt) ( )

A geometric situation when the uniform capacity density condition is satisfied, is the so
called flat cone condition, i.e. there is a closed cone T' of dimension N — 1 such that for every
11



point xy on the boundary of every €2, there exists a cone congruent with 7" with vertex in
Zp, lying in the complement of €2,,.

In N dimensions of the space and for p €]N — 1, N|, the generalization of Sverdk’s result
proved in [6] gives that the ~,-convergence is equivalent to the Hconvergence in the class of
domains for which the complementary sets have at most a fixed number, say [, of connected
components. We denote by #02¢ the number of the connected components of RY \ €.

Proposition 4.1 Letp €N —1,N] andl € N be fized, and let Q2,, C D be such that Q¢ < I.
Assume §27 =€), and Q, Q. Then 0, =5 QO if and only if Q = Q.

The assumption €2 = €, is not restrictive at all since this means that 0€2,, should not have
isolated points (so just remove the isolated points of 0€,; there are at most [, hence of zero

p-capacity). Moreover, the assumption (2, M, Q) is not restrictive either since the H¢ metric
topology is compact. In fact, an equivalent formulation of this proposition is the following:
letp €]N—1,N] andl € N be fized, and let 2, C D be such that §QS < 1. Assume ), Q.
Then Q, =2 Q if and only if 0 25 Q.

Proof (of Proposition 4.1) Let 0, L0 Q0 = Q, then © is p-Wiener regular at every
point of its boundary, since it does not have isolated points, and every point of the boundary
which is not isolated belongs to a continua of positive diameter. Consequently, €2 is p-Wiener
regular at every point of the boundary and therefore Theorem 3.1 gives (2, = Q. Indeed,
condition 1. is a consequence of the Hconvergence and condition 2. is proved in [6].

For the converse, assume that €, — . Then obviously ,, — Q* since cap, (2\ Q) =
0, and Q* is p-Wiener regular at every point of its boundary. Suppose for contradiction that
Q # Q% i.e. Q° has an isolated point xy. This means that there exists a sequence of continua
of positive diameter K,, which are connected components of €2 such that K, converges in
the Hausdorff sense to {xo}. Consequently condition 1. of Theorem 3.1 is violated for the
sequence (£2,,), associated to the limit set Q* by simply taking K = B(zg,¢), with ¢ small
enough. O

Remark 4.2 Given 6 > 0, in N dimensions of the space and for p €N — 1, N] one can
consider the following class of domains:

{CD:Q°=U,K,, K, connected diam K, > d},
which satisfy a uniform capacity density condition. Then
0, 50 —= Q, =2
All examples below (Figures 1, 2 and 3) give co,-convergence in 2D for 1 < p < 2.

Remark 4.3 Let p=21in (1). A more precise estimate can be derived into the class defined
by relation (17). For a given ¢ > 0, here exists o € (0,1] and C' > 0 such that for every
fe L%“(D) and every €y, € D we have

[uq, ;= uqy flreopy < C(dae (S, Q)| f]
12
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Figure 1: The thickness ¢ of the tube converges to zero.

$

g~ —

Figure 2: Oscillating crack with vanishing ”amplitude” e.

Indeed, in order to compute |uq, s — uq,,f|z(p) one has only to look for

M = max{ sup |uq, ()], sup |uq,r(z)[},
:EGQl\QQ wGQQ\Ql

since

|U§21,f|§2m92 - UQz,fIQm§22|L°°(Qsz) < 2M.

Since 4, €, satisfy (17), the solutions ug, r and uq, f satisfy
o, slow < CI], 5. (D),

with C' and « independent on 2 and f. Consequently, relation (18) follows. This result of
estimating the continuity modulus of the mapping shape — solution is to be related to
[22]. Savare and Schimperna obtained in [22] estimates of the H' and L? norms with respect
to the Hausdorff distance for equi-Lipschitz domains.

5 Further remarks

5.1 Localization of the oo,-convergence

Proposition 5.1 Let Q) be p-Wiener reqular at every point of its boundary and €, open
subsets of D. The following assertions are equivalent.

i) Q =% Q,

ii) 3(Us)ier a family of open sets, with union covering D, such that every U; is p- Wiener
reqular and

Vicl Q,NU; =2 QNU;.

Proof Implication i) — i) is a consequence of the localization property of the ~,-convergence
(see [11, Corollary 6.13]).

13



Figure 3: Infinite number of cracks of minorated diameter (two neighboring cracks are spaced

by ¢).

To prove i) — i) notice first that if 2 and U; are p-Wiener regular at every point of
their boundary, then €2 N U; is Wiener regular at every point of the boundary. From the
localization property of the ~,-convergence (see [11]) it is enough to prove property 1. of
Corollary 3.7. Let us consider the compact K CC 2. Then there exists a finite covering of
K by U1 U...u Uq. We denote Kj = K\ (Ul U...u Uj—l U Uj+1 U...u Uq) Then for ] = 17 . q
the sets K; are compact, and their union is K. Using hypothesis ii), for n > N; with N,
large enough we have

K; c (Q,NnU;)".

Since (€2, NU;)* C QF taking the union in j we get condition 1. of Corollary 3.7. O

5.2 Convergence of eigenfunctions

We begin with the following preliminary result concerning moving right hand sides.

Lemma 5.2 Let f, € L%JF‘E(D) and let f, — [ weakly in L%JF‘E(D). If Q is Wiener regular
at every point of its boundary and if €2, =2 Q) then

L*>=(D)
U'Qnafn U'Qaf'

Proof From the v,-convergence we get that uq, s, —uq,; strongly in Wy (D). In order to
prove that the convergence holds in L>(D), one reproduces the sufficiency part of Theorem
3.1.

To get the uniform convergence on a compact set of {2 one uses the equicontinuity given
by Lemma 3.3 and the uniform boundedness in L>(D) of (ugq,.f, )n-

For the oscillations of ug, f, on 0€2,, the same argument as in Theorem 3.1 stands true,
the main point being that the constant C'in (5) is the same for every ug, ,. Indeed, following
[21] the estimate of the L**-norm of ugq,, s, (which is crucial for the constant C') depends on

the norm of f, in L%JFE(D) (which is uniformly bounded with respect to n). O

In the sequel, we denote by Rq : L2 T5(D) — L=(D) the resolvent operator associated
to problem (1), for p = 2.

Proposition 5.3 Letp = 2. Suppose that 2 Zz;rs Wiener regqular at every point of its boundary
and that 0, ~2 Q. Then Rq, — Rq in L(L2%5(D), L®(D)).

14



Proof This is a consequence of Lemma 5.2 and of the fact that the unit ball is weakly
compact in L2 (D). 0

Let us denote for every open set © by Ay(€2) the k-th eigenvalue (the multiplicities are
counted) of the Dirichlet Laplacian on € and by uq a corresponding eigenfunction which is
L?-normalized. It is well known that the ~y,-convergence gives the convergence of the spec-
trum as a consequence of the convergence Rg, — Rq in L(L*(D), L*(D)) (see for instance
[5]). Moreover, every sequence of eigenfunctions corresponding to the k-th eigenvalue on €2,
which weakly converges in Hg (D) has as limit a k-th eigenfunction on 2.

Corollary 5.4 Suppose that Q, —2 Q and Q # (. For every k € N we have (up to a

subsequence) that ugq, @) uq k, where ugy is an L*-normalized eigenfunction associated
to the k-th eigenvalue of the Dirichlet-Laplacian on €,-

Proof First, from the vs-convergence we have that
U, ), — Uq,, strongly in Hy (D).

From [12, Example 2.1.8] we have the following estimates for the L*-norm of the eigenfunc-
tions N
|t koo (a) < 3(BTAL(2)) % .

Consequently, if |Q2] # 0 then limsup,, . Ax(£2,) < +00 hence one can find a uniform bound

for the L*>-norm of all ug, . Thus, uq,r — uqy strongly in L%H and the proof is
concluded by using Lemma 5.2. O

Remark 5.5 Into the nonlinear case (for the p-Laplacian with p # 2), the right characteriza-
tion of all eigenvalues is not completely understood. We refer to [19] for a detailed description
of the topic. Nevertheless, using the Rayleigh characterization for the first eigenvalue, one
can easily establish the L>°-convergence of a sequence of normalized first eigenfunctions pro-
vided that the geometric domains oco,-converge. Already for the second eigenfunctions this
is not anymore clear.

5.3 Extensions to more general elliptic problems

Let us consider two nonlinear operators u +— —div A(z, Vu), u — B(z,u) defined on W, (D)
with values on W~#'(D). Under suitable assumption on A and B, e.g. —div A be similar to
the p-Laplacian and B be Carathéodory, nondecreasing in the second variable and satisfying

B(x,8)| < algf~ +r,

where a > 0 and r € L%JFE(D) (or more general 7 belongs to the Morrey space MY/ (?=2)(D),
see [21, Chapter 3] and [20]), one can extend some of the results of Theorem 3.1.
Let g € C(D) N Wy (D). For every Q C D we consider the problem

{ —div A(z, Vug) + B(w,uq) =0 in Q (19)

ug — g € Wy (Q)
15



Existence and uniqueness of the solution follows using the standard approach via the Hartman-
Stampacchia theorem. Let €2 be p-Wiener regular at every point of its boundary. One could
prove one implication of Theorem 3.1, namely that €, —2 € implies uq, — ug in L>®(D)
(the extension on Qf is g). The ~,-convergence gives straight forwardly that ug, — uq in
VVO1 P(D). For the uniform convergence, the proof follows the same lines as Theorem 3.1.

The converse is not so obvious since the answer clearly depends on B. An involved study
of the dependence of the solution ug on B is necessary, in order to search the regions where
the solution vanishes. Without any specific hypothesis on B, the solution may vanish on
sets of positive measure and on this region the geometry of the moving domains can not be
anymore controlled.

5.4 Keldysh like stability

In [16], Keldysh introduced into the linear frame the following stability concept (the extension
is natural to the nonlinear one): (2 is called p-stable if every sequence (£2,),, which compactly
converges to € do y,-converge to 2. It is said that (£2,), compactly converges to €2 if

VK CCQUint(Q°) 3N = Ng, ¥n > N = K C Q, Uint(Q).

Various characterizations of the stability were given in the literature; we refer the reader to
[14] and, for an approach via 7,-convergence, to [4].

Into the linear frame, the stability question into the L*™-norm was raised in [3]. A
domain is called L*°-stable if every sequence of open sets which compactly converges to €2
do oo,-converge. A direct consequence of Theorem 3.1 is the following,.

Proposition 5.6 Let ) be p-Wiener reqular at each point of its boundary. Then € is p-
stable if and only if is L>-stable.

Proof If (2, compactly converges to {2 then condition 1. of Corollary 3.7 is satisfied.
Consequently, oo,-stability is equivalent to 7,-stability. O

Notice that domains with cracks may be p-Wiener regular at every point of the boundary,
but they are not stable in the sense of Keldysh. This means that sequences of open set
converging into the compact convergence are not necessarily oo,-converging. Nevertheless,
oo,-convergence for such a situation can be achieved for other type of geometric convergences
(e.g. those verifying the assumptions of Proposition 4.1, or more general Theorem 3.1).
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